It was proved by the authors that given a quasiconformal harmonic di eomorphism F There is one important fact for harmonic map in two dimensions which is very likely not be true in higher dimensions. Namely, if a harmonic map on H 2 is such that the boundary map is a homeomorphism on S 1 , then the harmonic map is itself a di eomorphism. In a recent paper, Li and Wang 359
, there is a neighborhood N of the class F represented by F in the universal Teichm uller space such that if H 2 N , then the boundary map of H can be extended to a quasiconformal harmonic di eomorphism on H 2 , i.e. the class H can be represented by a quasiconformal harmonic di eomorphism. More precisely, it was proved that if F is a quasiconformal harmonic di eomorphism on H 2 , and if G is a quasiconformal map on H 2 such that the dilatation of G is small enough, then there exists quasiconformal harmonic di eormophisms with the same boundary data with F G and G F . The purposes of this paper is to study the higher dimensional generalization to this result and related problems. 0. Introduction. In W] , the second author showed that quasiconformal harmonic di eomorphisms on H 2 can be parametrized by bounded holomorphic quadratic differentials on H 2 . This gives a map from the space of bounded holomorphic quadratic di erentials on H 2 into the universal Teichm uller space. It was conjectured by Schoen S] that the map is a bijection. The conjecture of Schoen can be rephrased as follow: Every quasi-symmetric map on S 1 can be extended uniquely to a quasiconformal harmonic di eomorphism on the two dimensional real hyperbolic space H 2 . Here a quasi-symmetric map on There is one important fact for harmonic map in two dimensions which is very likely not be true in higher dimensions. Namely, if a harmonic map on H 2 is such that the boundary map is a homeomorphism on S 1 , then the harmonic map is itself a di eomorphism. In a recent paper, Li and Wang L-Wg] study a larger class of harmonic maps which seems more natural in the higher dimensions. Before we go further, let us introducing some de nitions.
De nition 0.1. Let It is obvious that a quasi-isometry is a pseudo-isometry and a pseudoisometry is a rough isometry. Pseudo-isometries have been used by Mostow M] in the proof of strong rigidity of locally symmetric spaces. Note that while a pseudo-isometry is Lipschitz continuous, a rough-isometry may not even be continuous. On the other hand, if u is a rough-isometric harmonic map on H n , satisfying (0.1), then u(B x (r)) B u(x) (ar + b). By the estimate of energy density for harmonic maps by Cheng C] , u has bounded energy density and hence u is a pseudo-isometry. By M] , u is then surjective. By the results of M] again, u can be extended to a quasiconformal map on S n?1 which is identi ed with the geometric boundary of H n . Roughisometric harmonic maps have been studied in a recent paper L-Wg] of Li and Wang. They generalize the conjecture of Schoen to the following: Every quasiconformal map on the geometric boundary of a rank-1 symmetric space of noncompact type can be extended uniquely to a harmonic rough-isometry.
In L-Wg], the uniqueness part of the conjecture is proved.
In this paper, we will discuss quasiconformal harmonic maps on H n for n 3. A quasiconfomal map on H n is a rough-isometry, see P]. Hence our results will be related to Li-Wang conjecture on hyperbolic space of dimension greater than two. We will prove that given a quasiconformal harmonic di eomorphism F on H n , there is a K 0 > 1 such that if G is a K 0 -quasiconformal map on S n?1 , then there is a pseudo-isometric harmonic map on H n with the same boundary data as G F. If, in addition, F is a quasi-isometry, the same conclusion is true for boundary data F G. These results can be considered as generalizations of the results in T-W] for H 2 to higher dimensions. As mentioned before, in L-T 3], it was proved that any C 1 di eomorphism on S n?1 can be extended to a harmonic map F on H n which is C 1 up to the geometric boundary. Such a map may not be a di eomorphism, and in particular, may not be quasiconformal. However, we will prove that such a harmonic map is a pseudo-isometry and in fact it is a quasi-isometry near in nity (see De nition 3.1). We will also prove that one can nd pseudo-isometric harmonic maps with the same boundary data as F G and G F respectively, for any K 0 -quasiconformal map G on S n?1 , provided K 0 > 1 is small enough. Note that in this case, K 0 does not depend on F, while in the previous case of quasiconformal harmonic di eomorphism, the number K 0 depends on the map F.
One can get more information on those harmonic maps. In W], the second author proved that a harmonic di eomorphism on H 2 is quasiconformal if and only if it has uniformly bounded energy density. In this case, the harmonic map is actually a quasi-isometry. In high dimensions, the situation is more complicated. However, we will prove that the harmonic maps constructed above are actually quasi-isometries, provided K 0 > 1 is even smaller, and the given map F is a quasi-isometry to begin with. In the case of harmonic maps which are C 1 up to the boundary, the`nearby' harmonic maps are also quasi-isometries near in nity.
In particular, if we choose the given map to be an isometry, we can conclude that if G is a K 0 -quasiconformal with K 0 > 1 small enough, then G can be extended to a quasi-isometric harmonic di eomorphism on H n . By the uniqueness theorem in L-Wg], we see that every quasiconformal harmonic map on H n with small quasiconformal constant must be a quasi-isometry. This is a partial generalization of the result in H 2 by the second author W].
In fact, using other method, we will give an explicit estimate for the quasiconformal constant K 0 so that every K 0 -quasiconformal harmonic map on H n is a quasi-isometry. We should made precise the meaning of the quasiconformal constant K 0 here since there are several equivalent de nitions for quasiconformal mappings with slightly di erent meaning of the quasiconformal constant (i.e. the maximal dilatation). Note that all other results in this paper do not depends on the speci c choice of the de nition of K 0 . We choose the following:
De nition 0.2. A smooth positively oriented homeomorphism F from the unit ball B n in R n onto itself is said to be a K-quasiconformal map, if for all x 2 B n , jjdFjj n (x) KJ(x) and J(x) K f`(dF)(x)g n , where jjdFjj(x) = max jṽj=1 jdF(x)(ṽ)j;
and`( dF)(x) = min jṽj=1 jdF(x)(ṽ)j:
The paper is organized as follows: In x1, we will study some basic properties of the Douady-Earle extensions D-E] on the unit ball in R n of quasiconformal map on S n?1 which will be useful in later sections. In x2, and x3, we will construct pseudo-isometric harmonic maps with boundary data which are near some given harmonic maps. Finally, in x4, we will discuss the properties of the harmonic maps constructed in the previous two sections and study some properties of general quasiconformal harmonic maps. Added The main results concerning the high dimensional ( 3) case are collected in the following: Theorem 1.1 (Douady-Earle D-E] ). Let H(S n?1 ) (n 3) be the set of homeomorphisms from S n?1 onto itself. Then E is a mapping from H(S n?1 ) into C 1 (B n ; R n ) \ C( B n ; R n ) satisfying:
(i) For any ' 2 H(S n?1 ), E(')j S n?1 = '.
(ii) Let Isom(H n ) be the isometry group of B n with respect to the Poincar e metric, then E is equivariant under Isom(H n ), i.e. for all , 2
Isom(H n ), E( ' ) = E(') : (iii) The mapping E : H(S n?1 ) ! C 1 (B n ; R n ) \ C( B n ; R n ) is continuous, where H(S n?1 ) and C( B n ; R n ) have the uniform topology, C 1 (B n ; R n ) has the C 1 topology, and C 1 (B n ; R n )\C( B n ; R n ) has the induced topology regarded as the diagonal of the product space with product topology.
Proof. Please refer to the nal section of D-E] for the proof.
In order to apply the Douady-Earle extension to the existence of harmonic maps, we need estimates on the gradients and the Hessian of E(') when '
closes to conformal, namely, ' is a K-quasiconformal mapping with K closes to 1. More precisely, we have: Proposition 1.2. Let E(') i j and jr 2 E(')j be the Jacobian matrix and the norm of the Hessian of E(') with respect to orthonormal frames of the Poincar e metric respectively. Then for any > 0, there exists K > 1 depending only on and n such that if ' is K-quasiconformal, then (i) (Tukia) E(') : B n ! B n is a quasiconformal homeomorphism and
(
for all x; y 2 B n ; where d is the Poincar e distance in B n .
( To be precise, let
We note that (i) follows from the statement that for any > 0, there exists K > 1 depending only on and n such that (1 + ) ?1 < (') (') < 1 + provided that ' is K-quasiconformal. Hence all statements (i)-(iii) can be regarded as estimates of the derivatives of E(').
Then we observe that for all and 2 Isom(H n ), ( ' ) = (') ; ( ' ) = (') ;
( ' ) = (') ; and jr 2 E( ' )j = jr 2 E(')j :
Therefore we only need to estimate these quantities at one point (for all normalized boundary data) to obtain the uniform bounds. More precisely, we only need to show that there exists K > 1 such that, if ' is K-quasiconformal and xes the points e 1 , ?e 1 , and e n , then
(1 + ) ?1 < (')(0) (')(0) < 1 + ; (')(0) < ; and jr 2 E(')j(0) < ; here fe 1 ; : : : ; e n g is the standard ordered basis of R n .
Suppose on the contrary that it is not true, then there exists a sequence of ' j of K j -quasiconformal mappings from S n?1 onto itself xing e 1 , ?e 1 , and e n with K n ! 1 such that
Then by compactness, we have a subsequence ' j k converges to an element g 2 Isom(H n ) in H(S n?1 ). By Theorem 1.1 and that g is an isometry, we
which are contradictions. Remark 1.3. All the above results hold in two dimensions. In fact, if n = 2, we have a stronger result that the extension E(') is quasi-isometric with respect to the Poincar e metric, and hence quasiconformal, provided ' is quasi-symmetric. No smallness assumption on the dilatation of the boundary maps is needed.
Construction of pseudo-isometric harmonic maps (I).
In this and the next section, we are going to use the results in x1 to construct pseudo-isometric harmonic maps with certain given boundary data at the geometric boundary of the hyperbolic space. We will generalize the results in T-W] for H 2 to higher dimensional hyperbolic spaces. Our main purpose is to prove the existence of harmonic extensions for quasiconformal maps on the geometric boundary of H m which are near (in certain sense) to those already known to have harmonic extensions. In this section, we will consider those boundary maps which are near to a boundary maps having di eomorphic quasiconformal harmonic extension. In the next section, we will consider other kind of boundary maps which are near to a C 1 boundary map with nonvanishing energy density. First, we will give some crucial estimates for the composition of maps. Since composition of maps is not commutative, we have to consider two di erent cases. In fact, the results are slightly di erent from each other.
Lemma 2.1. Let F be a harmonic map from H m to H n . Then for any point x 2 H m and r > 0, there is a constant C depending only on m, n, r and sup Bx(r) 
e(F)(x); 8x 2 H m :
Proof. Let f i , g , and g be the components of dF, dG and the components of the Hessian of G with respect to some local orthonormal coframes respectively. Then, since F is harmonic,
Lemma 2.4. Let 
Similarly, the same calculation gives Lemma 2.5. Let G be a map from H n to itself such that for some > 0 (and in some orthonormal coframes); v u u t X ; X g g ? ! 2
< :
Then for any map F : H m ! H n , we have e(G F)(x) (1 ? )e(F )(x); 8x 2 H m :
Now we are going to prove that if a quasi-conformal map on S n?1 has a quasi-conformal harmonic extension to H n , then`nearby' quasiconformal maps on S n?1 also have harmonic extension which are pseudo-isometries. Theorem 2.6. For any quasiconformal harmonic di eomorphism F on H n , there exists a K 0 > 1 such that if G is a K 0 -quasiconformal map on S n?1 , then there is a pseudo-isometric harmonic map H from H n onto H n such that H = G F on S n?1 . If in addition, F is a quasi-isometry, then there is also a pseudo-isometric harmonic mapH from H n to H n such that H = F G on S n?1 .
Remark 2.7. It is easy to see that if we put F equal to the identity map of H n , then we have the existence of pseudo-isometric harmonic extension to H n for every quasiconformal map on S n?1 with small enough dilatation. In fact, we have a stronger result that the extension is quasi-isometric provided that the dilatation is small enough (perhaps smaller than that of the previous statement). We will prove this fact in Corollary 4.2.
Proof of Theorem 2.6. We use an argument as in L-T 3]. By Proposition 1.2, given > 0 and with respect to any orthonormal coframes, there is K 0 > 1 such that if G is K 0 -quasiconformal map on S n?1 , then G has a quasiconformal extension on H n , also denoted by G, such that G is smooth . In order to do so, we rst choose, for x 2 H n , an orthonormal frame fe 1 ; : : : ; e n g near x. Then consider the minimal geodesic (t) from H R (x) to G F(x) parametrized by arclength and choose orthonormal frames ff 1 ; : : : ; f n g and f f 1 ; : : : ; f n g near H R (x) and G F(x) respectively such that f n = ? 0 (0) at H R (x) and f n = 0 (l) at G F(x). We may assume that all orthonormal frames are positively oriented. With these orthonormal frames, we write (2.6) Hence for 0 < < 1=2, by noting that e(F) > 0, (2.6) and the maximum principle imply that d R (x) C 3 ; where C 3 = 2C 2 depends only on n and the quasiconformal constant of F. It is then easy to see that, by passing to a subsequence, H R converges uniformly on compact sets to a harmonic map H on H n such that
Since F is quasiconformal, F is a rough isometry by P]. Hence H is also a rough isometry by (2.7). Finally, by the estimate on the energy density of harmonic maps in C], the energy density of H is uniformly bounded.
Therefore, H is a pseudo-isometry, which proves the rst part of the theorem.
If in addition F is a quasi-isometry, we use Lemma 2.2 to estimate the tension eld of F G. Proceed as before, instead of (2.6), we have d R (x) ?j (F G)j(x) + 1 ? H satisfying (2.7) with a new constant C 3 which depends only on n, the upper bound and the positive lower bound of the energy density of e(F).
This completes the proof of the theorem.
Remark 2.8. By (2.7), we see that for xed F, d(H(x); G F(x)) ! 0, and d(H(x); G F(x)) ! 0 uniformly, as ! 0. It is unclear whether H andH are quasiconformal or not. We will discuss this problem in x4. 3. Construction of pseudo-isometric harmonic maps (II). We will consider a situation di erent from that in x2. It was proved in L-T 1]-L-T 3] that a smooth map from S m?1 to S n?1 with nowhere vanishing energy density can be extended to a proper harmonic map from H m to H n . Moreover, the harmonic maps are C m; up to the boundary for some 0 < < 1. Suppose m = n and the boundary data is a di eomorphism, then in view of Theorem 2.6, it is natural to ask whether the harmonic map constructed is a quasiconformal di eomorphism, or even just a di eomorphism. Unless m = n = 2, the answer is unclear. Hence Theorem 2.6 cannot be applied to this class of maps. However, from its proof, it is easy to see that given a harmonic map F, one can construct`nearby' harmonic map if F behaves well near in nity. Hence we have a result similar to Theorem 2.6 for this case. Before giving the precise statement, we rst introduce the following:
De nition 3.1. Let F be a map from a complete noncompact manifold M to itself. F is said to be a quasi-isometry near in nity if there is a compact subset B M and constant C > 1 such that Cd(x;x) d(F(x); F(x)) C ?1 d(x;x); 8x;x 2 M n B:
Note that if F is a quasi-isometry near in nity which is also continuous, then it must be a rough isometry.
Proposition 3.1. Let F be a proper harmonic map from H n to itself which is C 1 up to the boundary when considered as a map from the close unit ball in R n to itself. Suppose also that the boundary map of F is a C 1 di eomorphism on S n?1 . Then F is a quasi-isometry near in nity. In particular, it is a rough isometry.
Proof. Let us rst show that F is a di eomorphism locally near a boundary point. For this purpose, it is simpler to do the calculation in the upper half space model of H n . We identify both the domain and target with the upper half space of R n endowed with the Poincar e metrics. If we use (x 1 ; : : : ; x n ) and (y 1 ; : : : ; y n ) to denote the coordinates on the domain and target respectively, then the metrics are given by We also have @y i @x n = 0; at x n = 0; i = 1; : : : ; n ? 1:
These imply that the Jacobian of F approaches a positive multiple of the Jacobian of the boundary map as x tends to the boundary. Since is a di eomorphism, F is di eomorphism near a boundary point.
To show that F is a di eomorphism onto its image in a neighborhood of the whole boundary, we use the unit ball model of H n . Assume on the contrary that it is not true. . Hence, by the fact that F is a di eomorphism near a boundary point again, we see that x k =x k for k large, which is a contradiction. Hence we have proved that F is a di eomorphism near the whole boundary.
More precisely, for any point o 2 H n , there is R 0 > 0 such that F is a di eomorphism from H n n B o (R 0 ) onto its image.
Since F has bounded energy density by construction in L In general, if x; y 2 H n n B o (R 0 ). Let (t), 0 t L be the minimal geodesic joiningx = F(x) andỹ = F(y). Let t 1 be the rst t such that (t) 2 F(B o (R 0 )) and t 2 be the last t such that (t) 2 F(B o (R 0 )). And let x 1 and y 1 be the preimage of (t 1 ) and (t 2 ) respectively, i.e. F( Proof. The proof is similar to that of Theorem 2.6. However we need more work especially in showing that K 0 is independent of F. Let us rst consider G F. As in the proof of Theorem 2.6, for any R > 0, we can nd uniquely a harmonic map H R on B o (R) with boundary value G F. We have the same Bochner type formula for d R (x) = d H m (H R (x); G F(x)). That is, for x 2 B o (R), we have (using the same notations as in Theorem 2.6)
And as before, we want to estimate
from below near the boundary. We will work locally at the origin of the upper half space model of both the domain and target as in the proof of Proposition 3.1. Note that the dimensions of the domain and target are m and n respectively which are not assumed to be equal. Hence the orthonormal coframes which we choose are now dx i =x m and dy =y n . Therefore, the components of the di erential of Since the smallness requirement for so that (3.17) holds does not depend on F, the K 0 we obtained is also independent of F. This proves the rst part of the theorem for the case G F. If in addition, m = n and the boundary map of F is a di eomorphism, then F is a pseudo-isometry by Proposition 3.1. Hence using the result of C] and (3.17), H is also a pseudo-isometry.
The case for F G is similar, we leave the details of the proof to the readers.
Remark 3.3. Note that from (3.17) and that C 13 depends only on m, n, , and F, it is easy to see that lim sup
uniformly in G and H. Note also that d( ; ) ! 0 as and both tend to 0. We will use these facts in x4.
4. Quasi-isometric harmonic maps. By Sa, S-Y, C] , if n = 2, then the harmonic maps constructed in Theorem 2.6 are harmonic di eomorphism with bounded energy density, see also is a quasi-isometry. However, it is unclear whether these results are still true in higher dimensions. In this section we will discuss this kind of problems. The rst result in this section is to show that Theorem 2.6 can be sharpened in some cases. More precisely, we have:
Theorem 4.1. Let F be a quasi-isometric harmonic di eormorphism on H n . Then there exists K 0 > 1 such that if G is a K 0 -quasiconformal map on S n?1 , then there are quasi-isometric harmonic maps H andH from H n onto H n such that H = G F andH = F G on S n?1 . Proof. We will prove the case for G F, the other case is similar. Suppose the theorem is not true for this case, then there exists a sequence K i > 1, K i ! 1, and K i -quasiconformal map G i on S n?1 , such that each of the harmonic map H i constructed in Theorem 2.6 with the same boundary value as G i F is not a quasi-isometry for all i. We again denote the Douady-Earle extension of G i by the same symbol G i as before. By the construction in Theorem 2.6, Remark 2.8 and the fact that F is a quasi-isometry, we can nd positive constants a and b such that In particular, sup i;x e(u i )(x) < 1 by the gradient estimate of C]. Hence, a subsequence of u i , which will also be denoted by u i , converges uniformly on compact subsets of H n to a harmonic map u. Combining this with (4.5), we have for all x;x 2 H n , Hence the rst part of the theorem is proved. The second part of the theorem can be proved similarly.
As we mentioned in Remark 2.7, if we take F to be the identity map, we have:
Corollary 4.2. There exists K 0 > 1 depending only on n such that if G is a K 0 -quasiconformal map on S n?1 , then there is a harmonic quasi-isometry di eomorphism H on H n such that H = G on S n?1 .
Using Theorem 3.2, and Remark 3.3, one can prove a result similar to Theorem 4.1. We leave the details of the proof to the readers. Theorem 4.3. Let F be a proper harmonic map from H n to H n which is C 1 up to the boundary when considered as a map from the close unit ball in R n into the close unit ball of R n . Suppose also that the boundary map of F is a di eomorphism on S n?1 . There exists K 0 > 1 such that if G is a K 0 -quasiconformal map on S n?1 , then there are harmonic maps H andH from H n into H n such that H = G F andH = F G. Moreover H andH are quasi-isometries near in nity.
As mentioned before, if n 3, it is unknown whether a rough isometric harmonic map, or even a quasiconformal harmonic di eomorphism, on H n is a quasi-isometry. However, Suppose further that K < 2 n?1 , then F is a quasi-isometry.
Proof. Only the last statement need a proof since all others follows easily from the analyticity of continuous harmonic maps and Lemma 4.5. For the last statement, it is su cient to prove that the energy density is uniformly bounded below away from 0. In fact, if this is true, then the Jacobian of F is also uniformly bounded below away from 0, because F is quasiconformal. On the other hand, we have uniformly upper bounded for the energy density of F from the assumption that F is quasiconformal. Hence F is a pseudo-isometry. Again combining these two bounds, we see that the energy density of F ?1 is uniformly bounded from above and hence F is a quasi-isometry.
We will prove that the energy density is uniformly bounded below away from 0 by contradiction. Suppose not, then there exists a sequence of points x i 2 H n , such that e(F)(x i ) ! 0 as i ! 1. Let 
